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Abstract. The energy loss of β− emission emitting from a 63Ni source in a
phosphorus 15P scintillation medium is theoretically studied. It has shown the β
energy spectrum absorption in 15P had nearly 100% efficiency for ≤ 28 keV in 800
µm scintillator thickness. This can eventually lead to the production of light sources
using these beta-emitting radiation sources as a low energy source in the near future.
1. Introduction
The development in nanotechnology has shed a new light in production scintillating
devices capable of producing lights at different wavelengths. The scintillation light
generated in this method can be used to produce electric current directly using suitable
converters. For instance, transparent scintillation medium such as phosphorus (15P ) can
be used to create optical light via low energy β−-emission (17 keV - 67 keV in 63Ni).
Consequently, this emission can be converted to produce few volts at 100s of mA useful
for micro-electro-mechanical (MEM) sensors, or be implemented in low energy boards
for space and defence applications such as SiliconLab EFM low energy devices[1].
However, if above applications are of interests, a thorough investigation of the
emission properties, i.e. energy loss, absorption, etc., is required. Therefore, in this
paper, the scattering properties and energy loss/absorption of 63Ni source β−-emission
in a glassy 15P scintillator nano-housing are studied. The energy loss leading to the
scintillation is investigated using Bethe formula, and the cross-section is evaluated
analytically for the inner-shell ionisation using Gyrzinski’s method. Finally the Inelastic
Mean Free Path (IMFP) is obtained and reported.
2. Analytical approach to emission cross-section in nano-region
The behaviour of each particle in the scintillation medium is analytically studied in
terms of transmission from initial states to final state (Bethe theory) and the energy
loss to the inner shell electron excitations (Gyrzinski’s method). The general term to
ar
X
iv
:1
21
1.
23
18
v2
  [
co
nd
-m
at.
oth
er]
  1
6 N
ov
 20
17
Theoretical analysis of β− emission from 63Ni nano-particles in glassy 15P 2
Figure 1. The angular dependence of differential cross-section of 200eV in 15P . The
inelastic scattering cross-section decreases as the scattering angle increases
determine the scattering is given by differential cross-section of an incident electron over
a solid angle Ω:
dσ/dΩ =
∣∣∣f 2∣∣∣ (1)
Where f is the atomic scattering factor which is given in function of scattering angle .
The differential cross-section in elastic form is represented by:
4
a20q
4
|f(q)|2 = 4
a20q
2
|Z − fx(q))|2 (2)
where a0 is the Bohr radius 0.529E
−10 m, Z is the atomic density and the fx(q) is
the scattering factor for an incident electrons. This is set to zero in classical and wave
mechanical theory. By having the relativistic factor γ equals to 1 + E0/(m0c
2) thus we
can have:
dσ
dΩ
=
4γ2Z2
a20q
4
{
1− 1
(1 + (qr0)2)2
}
(3)
where the q = 2k0sin(
θ
2
) is the momentum transfer; and k is the wave vector of the
electron before and after the scattering event.
dσi
dΩ
=
4γ2Z
a20q
4
(4)
Where r0 is the screening radius given by Wenz formula [7] in which shows the potential
nuclear attenuation as the function of r distance is given by:
φ (r) = [Ze/4piε0r] exp
(−r
r0
)
(5)
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The q in form of inelastic scattering will be slightly modified, since it depends on
the initial and final scattering angle. Therefore in inelastic scattering it equals to
q2 = k20(θ
2 − θ2E). Here k = 2piλ is the characteristic angle corresponding to average
energy loss. By having the latter in an stationary state the 4γ
2Z
a20q
2 in Eq.2 represents the
Rutherford scattering cross-section in an elastic form [8]. Using Eq.4 and Eq.5, figure 1
is generated to demonstrate the inelastic cross-section as function of angle.
As Figure 1 demonstrates the inelastic scattering cross-section decreases as the
scattering angle increases, which means most of the scattering happens in the range
of θE < θ < θ0. This is roughly proportional to 1/θ
2 meaning a higher probability
of scattering in the forward direction. Fig.2 demonstrates the differential cross-section
calculated with Gyrzinski’s equation. It is clear that the inner shell electrons contribute
relatively little to the cross-section. On the other hand, the Gyrzinski’s approach enabled
Figure 2. Gyrzinski’s differential cross-section.
the calculation of the energy loss due to the band excitation. Hence the direct simulation
of individual excitation specifically in the valence band will be more feasible. Since there
are a limited number of electrons available in the inner shell, the inelastic stopping power
is calculated by taking away the portion of energy lost to the valence band. Thus we
have:
(
dE
dx
) = (
dE
dx
)total − Σi(dE
dx
)i (6)
Here the first term is the total energy loss and the second term representing the energy
lost to valence electrons. Thus i shows the number valance electron which the equation
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is solved for. Now the stopping power can be calculated from (for derivation see [10]):
(
dE
dx
) = nipie
4 1
E
(
E − Ei
E + Ei
)1.5[ln
E
Ei
+
4
3
ln[2.7 +
E
Ei
− 1]]0.5 (7)
Where ni is the number of electrons, Ei is the binding energy, and E is the incident
energy. The second term demonstrates the relativistic factor, and the number 2.7
corresponds to atomic ionization potential. Thus the formula for excitation energy
is given by:
(8)
dσi
d(∆E)
= nipie
4 1
(∆E)3
Ei
E
(
E
E + Ei
)1.5(1− ∆E
E
)Ei+∆E × [∆E
Ei
(1− Ei
E
) +
4
3
ln[2.7 + (
E −∆E
Ei
)0.5]]
∆E is the energy loss. Now cross-section can be calculated from:
(9)σi = nipie
4 1
E2i
Ei
E
(
E − Ei
E + Ei
)1.5[1 +
2
3
(1− Ei
2E
)× ln[2.7 + (E
Ei
− 1)0.5]]
Girzinskys formula provides an easy approach to calculate the relative energy loss. The
simulation is done for 200eV incident electron interacting with three inner shell electrons
of 15P . Using equation 8 and 9 from the incoming 200 eV, the energy of 69.6 eV was
spent on excitation energy only.
Now that the loss due to excitation is determined using Gyrzinskis approach we
now can verify the loss using Bethe formula. The Bethe theory can be used to evaluate
the behaviour of each atomic electrons in terms of the transition from initial state to
final state. This can be approached using first Born approximation [11]; therefore, the
differential cross-section can be determined by:
dσn = (2pi)
−2M2h¯−4(k
′
/k)
∫
exp(iK.r)un ∗ (r1, ..., rz)× V u0(r1, ..., rz)dr1...drzdr)|2dw,
(10)
where M is the reduced mass of colliding system, r is the position of particle relative
to the centre of atom, h¯k is the momentum of particle before the collision and h¯ is the
momentum after the collision, u is the eigenfunction of rj coordinates whose the total
number is Z. Now we can have the Eq.2.10 in angular form:
dσn
dΩ
= (
m0
2pih¯2
)|
∫
V (r)ψ0ψ
∗
nexp(iq.r)dτ |2 (11)
Here the initial states and final states are ψ0 and ψ
∗
n. k0 and K1 are the wave-vectors
and V (r) is the potential energy required by each collision. The V (r) is required due to
existence of Coulomb force, and can be calculated using:
V (r) =
Ze2
4piε0r
− 1
4piε0
Z∑
j=1
e2
|r − rj| (12)
Where the first term represents the Rutherford scattering and |εn(q)|2 is the
dynamical structure factor. The dynamical structure factor is closely related to the
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Figure 3. Inelastic Mean Free Path in 15P .
generalised oscillator strength [11], is calculated using Rydberg energy (13.61eV ) and
transition energy. The loss due to ionization and excitation is measured the Inelastic
Mean Free Path (IMFP) and the model describing IMFP is based on a theoretical
approach to determine the transport of primary electron beams on the surface. In this
matter, a relationship between signal intensity and concentration of given elements in
an elastic and inelastic deferential cross-section is required. This could be a complex
function as the accurate data from elastic and inelastic cross-section is not obtainable.
Hence the computational functions are usually solved by looking into continuous slowing
down approximation (CSDA) in which an electron energy along the trajectory is assumed
to be a function of length. To tackle this problem the excitation function for a charged
particle is defined by its dielectric function as demonstrated by [13]:
d2σ
d(∆E)dq
=
me2
pih¯2NE
Im(
−1
ε(ω, q)
)
1
q
(13)
Where N is number density of the atom, E is the energy of incident beam, (∆E) is
the energy loss and Im( −1
ε(ω,q)
) is the dielectric function. The dielectric function can be
reduced to a more generalised form of Lindhard type dielectric function [14] and [15].
In This model the IMFP is calculated based on [16] and [17]approach:
λ =
E
E2p [βln(0.191ρ
−0.5E)− (1.97− 0.91(Nvρ/M)/E) + ((53.4− 20.8(Nvρ/M)/E2)]
(14)
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Here the ρ is the material density and Eg is the band gap energy, M is the atomic
weight, β = −0.1 + 0.944(E2p + E2g )−0.5 + 0.069ρ0.1), EP = 28.8(Nvρ/M)0.5 is the free
electron plasmon energy, and Nv is the number of valence electron per atom.
Figure 3 demonstrates the evaluated IMFP for 15P . In this case the Nv is set to 5,
M = 30.97, Eq = 3eV and ρ = 1.88g/cm
3. These are the value which are typical for
our material (data from NIST library).
3. The energy loss analysis of the 63Ni β− energy spectrum in 15P
The main process of absorption is the excitation, ionization. As Fig.4 shows, at energies
over 28keV the incident particles start to deposit most of their energies in the film (800
µm thick) and starts escaping at higher energies, this means the IMFP is increased.
The energy loss in 2 keV to 28 keV range is almost 99.9%. Above 28keV a portion
of incoming particles escapes the film. Fig.4 represents the 63Ni β− energy spectrum
absorption in 15P , and the linear line corresponding to full energy deposition (100%
efficiency) Particle range consists of four profiles, longitudinal range, lateral straggling,
Figure 4. The Energy Absorbed in 15P . The film of 15P is set to have 800 µm. A
monoenergetic particle source is created with different energies between Emin = 2keV
and Emax = 60keV to simulate the
63Ni spectrum. As figure denotes, at energies over
28keV the incident particles starts to deposit most of their energies deeper in the film
with some also penetrating, this means the IMFP is increases. This also corresponds
to higher particle range
projected range, and collisional range. The longitudinal range increases because of
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increase in energy spread (of the incoming beam), which is not influenced by dispersion
effect. This has a direct relation to beam profile. Although this could be sometimes
negligible particularity for a single interaction, however, it cannot be ignored for a
continuous beam. Considering the initial beam profile be εz the final Root Mean Square
(RMS) is given by [18]:
ε2zfinal = ε
2
z + (
17λ2
40D
)2
〈
X2
〉
[
〈
Z2
〉
+ α2D2
〈
δ2
〉
+ 2αD 〈Zδ〉] (15)
Where αD is the longitude dispersion, D is the dispersion factor and X,Z, δ are the
angle, position and energy spread respectively. More studies can be done during the
experimental prototyping and the effect of beam dispersion could be taken into account
before a valid comparison between the final prototype and simulation can be made.
Another dependent of particle range is lateral scattering which is significantly
affected by the size of the incoming beam, and this is because of correlations between
the particle range and its position. Finally, the projected mean range is calculated from
CSDA function. The simplified mean free particle range hence is given by [20]:
〈R〉 = t(1 + t/λ0) (16)
Where λ0 is mean free path of electrons and limited to the value of thickness (t). When
t is approaching R (range), the corresponding value of R can be called L (mean free
range), thus L can be recalled as:
R = λ
[(4L/λ) + 1]2 − 1
2
(17)
Here λ = λ0/4 and can be given as [21]:
λ0 = 2a
−1
0 (Z)E
αn(z)
0 (18)
In an experimental approximation αn(z) is the tabulated thickness where n = 1, 2, ....
This leads to the definition of collisional range is where the incoming beam deposits
most of their energy due to the collision. This value represents an accumulated depth
in the film where most of the interactions take place. This could later facilitate an
understanding of an optimum thickness required for the application.
4. Conclusion
This report has discussed modelling of 63Ni β-source doped in phosphorous (15P ). The
energy loss processes are discussed and analysed theoretically.
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